This paper concerns the testing for Hardy-Weinberg equilibrium and the estimation of gene frequency in the human leukocyte antigens (HLA) system. An extensive simulation study for both testing and estimation is given for investigating the performance of the projection method by Eguchi and Matsuura, which has a closed form, and the method is asymptotically equivalent to the maximum likelihood method. We compare our projection test statistic with the likelihood ratio test and the single degree of freedom chi-square test suggested by Nam and Gart. Actual mean square errors of the projection estimator of gene frequency under the Hardy-Weinberg equilibrium are compared with the maximum likelihood estimator and some other estimators recently discussed by Nam.
Introduction
The human leukocyte antigen (HLA) system has been observed, not only in human genetics and anthropology but also in biostatistics. Farewell and Dahlberg (1) investigated some statistical methodology including the analyses for associating particular diseases with some genotypes in the HLA system. For these statistical analyses or gene frequency estimations, one of the most fundamental assumptions is the Hardy-Weinberg law. Eguchi and Matsuura (2) proposed a projection method for the testing and estimation problem. The method is associated with a geometric interpretation similar to least-square method in the linear regression model. The key idea is to construct the regression plane, which is tangent to the (gene frequency) parameter space in the Hardy-Weinberg equilibrium. Thus, the method is based on the projection of sufficient statistics onto the regression plane. The test statistic can be regarded as the residual sum of squares and the estimator for gene frequency regarded as the least-square estimator. This paper describes the structure of HLA data used in the statistical analysis and gives brief reviews on the methods used to test the Hardy-Weinberg equilibrium and estimate gene frequencies in the HLA system. Furthermore, the test statistics and the gene frequency estimator given by Eguchi and Matsuura (2) are compared with those either recently proposed or those formally used in the practical fields in a simulation study. The test statistics that are compared include the ordinal likelihood ratio statistics and the single degree of freedom test statistic proposed by Nam and Gart (3) . The simple Bernstein's method extended by Yasuda and Kimura (4); the gene-counting method developed by Smith et al. (5) (6) (7) and extended by Yasuda and Kimura (4) ; and the bias reduced method proposed by Nam (8) are included for comparing the gene frequency estimators.
Structure of the HLA Data and Model under the Hardy-Weinberg Law
The HLA system consists of several linked loci on chromosome 6 . A large number of alleles in the population are at each locus, but the complete set of alleles at a particular locus has not yet been identified. New loci and alleles have been recognized at the International HLA Workshop and their names are decided by the World Health Organization (WHO) Nomenclature Committee. By 1984 the loci A, B, C, D, DR, DP, and DQ were recognized [see Albert et al. (9) for all alleles found at each locus]. Throughout this paper, we consider the alleles at a fixed locus and treat the phenotypic data.
Using the notation of Yasuda and Kimura (4) and Nam Testing the Hardy-Weinberg Equilibrium
As noted in the "Introduction," the notion of gene frequency is reasonable only when the population is subject to the Hardy-Weinberg law. Therefore, if this assumption does not hold, resulting estimates of gene frequencies will be misleading whatever method is used. Thus, a check of this assumption should be included in the analysis of gene frequencies.
In a population of sample size N, the counts ni, n1k, and noo, 1 (5) and develop by Smith (6, 7) . Using the gene counting method the estimates at the kth step are given by
for i= 1,2,..., m -1. and
Here, the Bernstein estimator extended by Yasuda and Kimura (4) may be used for the first step, which is given by
(2) and r= Vi Nam and Gart (3) suggested another chi-square test statistic with a single degree of freedom When m = 3, or the ABO system, XZ reduces to the statistic given by Stevens (10) . Though the statistic X2D does not require the iterative manner, Eguchi and Matsuura (2) theoretically pointed out that the statistic X2D essentially causes an acceptance region outside fLHW whatever significance level one chooses when m > 3. This point will be observed in the simulation study here.
Eguchi and Matsuura (2) 
Estimation of Gene Frequencies
The simple Bernstein's estimator obtained by Eq. (2) has been widely used for the generalized ABO-like system. However, the sum of these estimates (i.e., I + r) is not necessarily equal to one. Also, according to the simple Bernsteins's method, the estimate of the recessive gene frequency has the negative bias, (11) . Fur- Haldane (11) recognized that the Bernstein's recessive gene estimator is negatively biased and suggested the corrected version: Also, Nam (8) (15) showed the detailed description for obtaining the MLEs using the scoring method discussed by Rao (16) . They also showed that the MLEs of codominant allele frequencies are given by Pi = (Gi + ni)I2N fori = 1, 2,...
-1, under the assumption that r = 0. As noted in the previous section, by using the gene-counting method defined in Eq. (1), the estimates obtained that are well converged are equivalent to the MLEs, which are fully efficient estimators, but the estimates require the iterative calculations.
Eguchi and Matsuura (2) suggested the noniterative estimator using the projection mapping and showed that the projection estimates are asymptotically equivalent to the MLEs. The projection estimates are obtained by 
Results of Testing the Hardy-Weinberg Equilibrium
The results on sizes, based on the percentage of times the computed test statistic exceeded the 0.05 level critical values, are presented in Table 1 for m -1 = 5 and 10. The results based on the 0.10 critical value are also included in Table 1 .
For the test statistic based on the projection method, the actual Type I errors are less than nominal size 0.05 for m -1 = 5 and for m -1 = 10 with N > 500; the test statistic becomes conservative as the sample size becomes large. The likelihood ratio test seems to be somewhat liberal for the range of N between 250 and 2500, which is the usual sample size in practical fields. And this test is too conservative for m -1 = 10 and N < 75. For the one degree of freedom test statistic, the actual Type I error is larger than 0.05. Therefore this test seems to be liberal, regardless of sample size.
To investigate the situation with no double blanks, that is noo = 0, under the Hardy-Weinberg law, we (17) , Gart and Nam (18) , and Nam and Gart (19, 20) . The results are given in Table 2 for m -1 = 5 and 10 and N = 100, 250, 500, and 1000. In this restricted situation theoretical behavior has not been examined. 
Results of Estimation of Gene Frequency
To compare several estimators we use the measure of actual mean square effort (MSE) defined by s MSE = - in the sth simulation with replications S = 5000. Table 4 presents the comparison of MSE based on the several methods of estimation under the Hardy-Weinberg equilibrium. For the situation with no double blanks under the Hardy-Weinberg law, the results are shown in Table 5 . Estimates based on the gene-counting method have small MSE compared to other estimates for all sample sizes and for the number of alleles in Tables 4 and 5 . The MSE based on the projection method is slightly larger than that of MLE, but the difference in MSE becomes smaller as the sample size becomes larger. Pi p¢ 1, and (c) #Oc and #O have the same asymptotic distribution. Therefore, the rOC is consistent since r1O is consistent. Thus, we use the consistent estimator ITOc defined by f2c.
